We address the interpretation of the splitting between the ground state excitonic transition which indicates the energy of the lowest direct band gap in AlN bulk films and epilayers, and a 36-38 meV higher energy companion. We demonstrate that this splitting is consistent with the initial interpretation in terms of 1s-2s excitonic splitting by using a calculation of the exciton binding energy which includes mass anisotropy and anisotropy of the dielectric constant. Analytical expressions are proposed to compute the evolution of 1s and 2s excitonic energies using an anisotropy parameter. We show that the values of the dielectric constant that are required to fit the data are ε ⊥ ≈ 8.7 and ε ≈ 10, values different from the couple of values ε ⊥ ≈ 7.33 and ε ≈ 8.45 erroneously obtained after a fitting procedure using a spherical description of the long range Coulomb interaction and the classical textbook n −2 spectrum of the excitonic eigenstates. Starting from now, our values are the recommended ones.
Introduction
Aluminum nitride is an interesting material for realizing light emitting or light detecting devices susceptible to operate in the upper UVB energy region [1] . The optical properties of bulk aluminum nitride and of its epilayers are currently under very intense investigations [2] . The crystal field splitting of bulk AlN has been identified as being negative contrarily to the GaN, InN and CdS case [3] , which gives an interesting and well marked anisotropy of the optical response of this material. The optical properties of epilayers are in addition modified in relation with builtin strain fields and experimental values of the excitonic deformation potentials were recently proposed [4] [5] [6] [7] . The evolution of the optical properties of AlN epilayers grown on various substrates are now well accounted for by models which were fruitfully applied to GaN [8] , ZnO [9] . Figure 1 is for AlN, the analog of figure 10 of reference [10] dedicated to GaN. It indicates that both growth of high quality AlN and interpretation of strain effects are now achieved. It also indicates that the valence band splitting is always large compared to the value of the excitonic binding energy, a situation which validates the one-band calculation below.
Experimental values of the excitonic splitting
Silveira et al. [11] have reported reflectance structures at 6.029 eV and 6.065 eV at 6 K. They attributed this 36 meV a e-mail: bernard.gil@univ-montp2.fr [7] . The data of reference [6] taken at 300 K was blue shifted of 65 meV to match the 6 K data.
splitting to 1s-2s splitting. By straightforward application of the physics of hydrogenic atoms they concluded the exciton binding energy to be 48 meV. This would locate the band gap E g of unstrained AlN at ∼6.080 eV at low temperature. Similar energy splitting was reported by Feneberg et al. [2] . Considering the strained layer epitaxy
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The European Physical Journal Applied Physics and the report of Onuma et al. [12] , we note a 38 meV splitting after processing of their data. Still using the model of the hydrogen atom, though slightly doubting about its applicability (see row 30, first column of page 023529-6 of Ref. [12] ), they however report an exciton binding energy of 52 meV after giving the ad hoc value to the dielectric constant. Yamada et al. [13] have reported (1s) free exciton photoluminescence at 6.0346 eV and a 2s related one at 6.0772 eV. The experiment was carried out at 77 K, which is not a problem now that we know very well the temperature dependence of the band gap of AlN [2] . The 1s photoluminescence peak is indicated at an energy that we estimated some ∼6 meV lower than the energy of the transverse exciton deduced from a line shape fitting of the reflectance feature given with the photoluminescence data in figure 1 of reference [13] . This blue shift is due to thermalization effects at the bottleneck of the polariton dispersion relation. This is a very well established effect in semiconductors in general [14] and in nitride in particular [2, 15] . The large value of the oscillator strength (and of the longitudinal transverse splitting) in AlN [2] is responsible of this substantial shift. The smaller value of the longitudinal transverse splitting (or said using another phrasing of the oscillator strength) of the 2s exciton does not give so marked thermalization at the bottle neck of the 2s exciton polariton. Therefore the 6.0772 eV value at the maximum of the 2s photoluminescence peak is almost the energy of the 2s transverse exciton polariton. This analysis leads us to conclude that the 1s-2s splitting is about 37 meV in this sample.
It is worthwhile noticing that the excitonic fine structure splitting [16] has not been discussed here: the shortrange spin exchange interaction may equal a few meV [2] . Finally we consider having another uncertainty arising from various inhomogeneous broadening effects in the experimental reports leading to a ∼1 meV scattering in the determination of this splitting. The optical properties of anisotropic semiconductors like CdS, GaSe, MoS 2 to be clearly interpreted required using an excitonic model which includes anisotropy effects on mass and dielectric constant [17] . We have decided to treat the AlN case by also including mass anisotropy effects in the one hand and to offer our readers simple analytical expressions susceptible to correlate the energy levels and the excitonic oscillator strengths with the anisotropy of the band structure in another hand.
Model
The solutions of the exciton problem in an isotropic semiconductor are the well-known hydrogen like functions Φ nlm (r), and the eigenvalues are given by
In the preceding formula, α is the fine structure constant which characterizes the strength of the electromagnetic interaction, m 0 is the electron mass at rest and c is the in vacuum velocity of light, μ is the isotropic electron-hole reduced mass and ε is the isotropic dielectric constant of the medium where electron and holes orbit with respect to each other. R is an effective Rydberg energy. The calculation of exciton binding energies in anisotropic semiconductors is a complicated mathematical problem [17] . There is no longer an analytical solution to that problem when anisotropy occurs in the kinetic energy term or in the potential energy term of the Schrödinger equation used to describe the exciton in anisotropic media. [7, [17] [18] [19] .
When γ = 1, the ground state is purely the three dimensional 1s state. When γ = 0, we face two-dimensional analytical solutions. For other values of γ levels are γ-dependent admixtures of 1s, 2s, 3s, 3d (m = 0), 4s,. . . The mathematical calculation of the eigenstates, that is to say calculation of the excitonic binding energies, and their eigenstates are here proposed by using the formalism of hyperspherical harmonics [18] which is very well adapted to treat the long range interaction in anisotropic crystals [19] .
Besides the technical aspects of the calculation which are extremely interesting from the mathematical point of view, it is important to emphasize that the ground state is given with a very good accuracy in units of the reduced Rydberg energy:
, by the simple equation:
Note here the γ 1 3 dependence [19] . Similarly, a simple fitting procedure of the evolution of the 2s state enables us to propose the more complicated although still quite simple following behavior:
These simple equations are no longer obtained for higher index states due to complicated anti-crossing behaviors and the labeling of the eigenstates using the nlm series of hydrogenic quantum numbers then becomes meaningless. This is not the case for the 1s and 2s states which are fairly decoupled from the other levels and for which this labeling can be reasonably kept. In Figure 2 has been plotted the evolution of 1s-2s splitting relative to the 1s exciton binding energy as a function of the anisotropy parameter γ.
It is worthwhile noticing that the ratio between the oscillator strengths of 1s and 2s states can also be expressed using a simple expression: This ratio does not significantly deviate from the value in spherical symmetry (8) until significant anisotropies are reached, that is to say for γ < 0.4.
Comparison with experiments
This study has offered us the opportunity to propose analytical dependences of the 1s and 2s excitonic binding energies with anisotropy parameter γ and an analytical dependence of their oscillator strength ratio. With the help of these analytical expressions one now may get rid of making sophisticated mathematical calculations which constitutes a considerable saving of time for experimentalists. We now have to compute the exciton in case of the AlN semiconductor for which conduction and valence band dispersion relations have been computed by several groups [20] [21] [22] [23] [24] [25] using first principle calculation approaches. The anisotropy of hole masses can be represented in the framework of the k.p theory [7, 26] . The fundamental valence band of AlN has Γ 7 symmetry [3] , its wave functions is mainly built from |Γ the context of sophisticated first principle calculations. All groups obtain comparable results except reference [23] , which we do not understand. The situation is much more complicated concerning values of the dielectric constants as shown in Table 2 . Facing the difficulty to choose a given pair of values we have decided to plot the values of the A 1 and A 2 Lüttinger parameters compatible with an experimental value of 38 meV to the 1s-2s splitting using our mathematical treatment which has given us the dimensionless value E 1s-2s of this splitting as analytical functions of the anisotropy parameter γ and of the reduced Rydberg energy. After some simple algebraic manipulation, one gets:
and
In Figure 3 are plotted versus A 2 , the values of A 1 compatible with Σ = 38 meV obtained using electron masses m e = 0.32 and m e⊥ = 0.28, which are "average" theoretical values [11] (their choice is not impacting very much the rest of this paper in fact) using the different couples of the dielectric constant [4, 27, 28] given in Table 2 .
The theoretical values of the Lüttinger parameters are represented using red dots. Obviously the agreement between the theoretical values and the experiment requires
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The European Physical Journal Applied Physics using substantially high values of the dielectric constant. We came to the conclusion that the best agreement between the theoretical values of the valence and conduction band dispersion relation and the experimental splitting requires values of the dielectric constant that are typically ε ⊥ ≈ 8.7 and ε ≈ 10, values which are in the range of experimentally reported ones. This gives an anisotropy parameter γ = 0.47, a reduced Rydberg energy of 40 meV and a 1s excitonic binding energy of 51 meV. It is worthwhile emphasizing here is that the 1s-2s splitting is about 0.747 times the excitonic binding energy as seen in Figure 2 , a value close to the value for the spherical situation; 0.75. However we remind that the excitonic binding energy is ∼1.27 times the value of the reduced Rydberg energy:
Note that the value of the ratio ε ⊥ /ε equals 0.87. According to reference [4] , 0.868 appears to be the value the most compatible with experimental reports, compared to the alternate 0.833 value. There o many digits in these ratio and using one or another just leads to a non impacting 4 percent change in γ. We followed reference [4] and decided to take ratio 0.87. This decision does not impact very much the message in this article.
Conclusion
By using a model of the excitonic energies that includes both mass and dielectric constant anisotropies we could account for the excitonic splitting of AlN. Using for band structure inputs the average theoretical values m e = 0.32, m e⊥ = 0.28, A 1 = −3.95 and A 2 = −0.27 we can bring the agreement between the calculation and the experiment using for the dielectric constants values ε ⊥ ≈ 8.67, and ε ≈ 10 which are in the range of experimental findings. This in depth investigation establishes that exciton binding energy associated to the lowest band gap unambiguously equals 51 meV in AlN.
